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Bornologies axiomatize an abstract notion of bounded sets and are introduced as collec-
tions of subsets satisfying a number of consistency properties. Bornological spaces form a
topological construct, the morphisms of which are those functions which preserve bounded
sets. A typical example is a bornology generated by a metric, i.e. the collection of all
bounded sets for that metric. In a recent paper [E. Colebunders, R. Lowen, Metrically gener-
ated theories, Proc. Amer. Math. Soc. 133 (2005) 1547–1556] the authors noted that many
examples are known of natural functors describing the transition from categories of metric
spaces to the “metrizable” objects in some given topological construct such that, in some
natural way, the metrizable objects generate the whole construct. These constructs can
be axiomatically described and are called metrically generated. The construct of bornolog-
ical spaces is not metrically generated, but an important large subconstruct is. We also
encounter other important examples of metrically generated constructs, the constructs of
Lipschitz spaces, of uniform spaces and of completely regular spaces. In this paper, the
uniﬁed setting of metrically generated theories is used to study the functorial relationship
between these constructs and the one of bornological spaces.
© 2008 Elsevier B.V. All rights reserved.
1. Introduction
Bornologies are meant to axiomatize an abstract notion of bounded sets and are hence introduced as collections of
subsets satisfying a number of consistency properties. The theory of bornological spaces plays an important role in functional
analysis. A systematic study of this theory was carried out by H. Hogbe-Nlend in [10], including a survey on applications
in topological vector spaces, in distribution theory and in differential calculus for non normed spaces. Other applications
appear in the work of L. Waelbroeck [13] who used bornologies in the study of topological algebras as well. Bornologies also
play a fundamental role in the work of Frölicher and Kriegl on Linear Spaces and Differentiation theory [6]. Bornological
spaces form a topological construct, Bor, the morphisms of which are those functions which preserve bounded sets. A typical
example is a bornology generated by a pseudometric, i.e. the collection of all bounded sets for that pseudometric. Another
standard example is a bornology generated by a uniform space, as it can for instance be found in Bourbaki [2]. As is
well known the transition from pseudometric spaces endowed with uniformly continuous maps to the construct Bor of
bornological spaces and boundedness-preserving maps is not functorial. However when pseudometric spaces are considered
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well-known fact is that the transition from the construct of uniform spaces and uniformly continuous maps to Bor is
functorial too.
In this paper we study bornologies for metrically generated theories. Pseudometric spaces with non-expansive maps,
uniform spaces with uniformly continuous maps, completely regular topological spaces with continuous maps will be some
of the many concrete examples to which the theory can be applied. We will also encounter the so-called Lipschitz structures
[7,5] and we show that they also ﬁt into our framework. Metrically generated theories will in fact present a unifying setting
for our study of the functorial relation with bornologies. In all cases mentioned the associated bornology will be described
as the class of all sets bounded for all pseudometrics in the “gauge” of the structure.
In a previous paper [4] the authors investigated metrically generated theories in a general setting of base categories
consisting of generalized metric spaces that allowed application to many examples besides the ones mentioned above. In
this paper we will explain the ideas behind metrically generated theories in the classical setting of pseudometric spaces and
we will treat several new and old examples. In the main Theorem 2.2, for the speciﬁc construct P of pseudometric spaces,
necessary and suﬃcient conditions on a functor K : P → X will be given in order to characterize when X can be isomor-
phically described as a full concretely coreﬂective subconstruct of the model category MP with objects sets structured by
collections of pseudometrics and with morphisms functions f : (X,D) → (X ′,D′) satisfying the property that d′ ◦ f × f ∈D
for any d′ ∈ D′ . Topological constructs X for which there exists a functor K : P → X satisfying these necessary and suf-
ﬁcient conditions will be called P-metrically generated or simply metrically generated. Well known examples are easily
captured. Creg, the construct of completely regular spaces and continuous maps and Unif, the construct of uniform spaces
and uniformly continuous maps are metrically generated, but also the construct Lip [7,5] of Lipschitz spaces is isomorphi-
cally described in this setting. Note that in all of these cases, as in all metrically generated constructs, the morphisms are
determined in the same way.
After having developed the general setting, in the second part we will focus on bornological spaces. We will show
that despite the fact that every pseudometric space (X,d) gives rise to a natural associated bornology Bd , namely the
collection of all d-bounded subsets, the functor B :P → Bor : (X,d) → (X,Bd), does not satisfy the necessary and suﬃcient
conditions mentioned above. However if we restrict ourselves to the subconstruct of bornological spaces generated by some
l∞-structure as introduced in [6], then we obtain another example of a metrically generated construct. For more examples
see [11].
The third and ﬁnal part of the paper will beneﬁt from having developed the common superconstruct MP in which all
our metrically generated categories under consideration have isomorphic counterparts. For the natural functor from MP to
Bor∞ we study the restriction to Lip, to Unif and to Creg, respectively. Thus we obtain some uniﬁed descriptions for the
well-known transitions to bornological spaces as for instance described in [10].
2. Metrically generated theories
We refer to [1] for categorical concepts and terminology but recall the few items we frequently require. A construct is
a category with a forgetful functor to Set. It is called topological if arbitrary initial and ﬁnal structures exist uniquely and
certain smallness conditions are fulﬁlled [1]. If A is a construct and X a set, then A(X) stands for the ﬁber of A-structures
on X . If A and B are objects on the same underlying set X then we write B  A if idX : A → B is a morphism. For a
topological construct A and an object X , A(X) is a complete lattice with top element the discrete structure and bottom
element the indiscrete structure. Sometimes we will use the notation X to denote an object in A with underlying set X .
Given pseudometric spaces (X,d) and (X ′,d′) a map f : (X,d) → (X ′,d′) is called a contraction if d′ ◦ f × f  d. P stands
for the construct of pseudometric spaces and contractions, where, in this paper, a pseudometric means the classical concept
and thus in particular is ﬁnite valued.
We refer the reader to [4] for the basic results on metrically generated theories. In this paper we only recall those
deﬁnitions and results which we require. We will also recall some main proofs, restricted to the setting of this paper. Met
stands for the topological construct with objects all “generalized metric spaces” in the sense that the only condition on the
“metric” is that it must be zero on the diagonal, and with morphisms all contractions as deﬁned above. It is clear that P is
a base category in the sense of [4], meaning that it is closed for initial morphisms and contains all Met-indiscrete spaces.
Given this base category P , a topological construct X is called P-metrically generated if there exists a concrete functor
K :P →X satisfying the following two properties:
(I) K preserves initial morphisms, i.e. for any f : X → X ′ ,
f : K (X,d ◦ f × f ) → K (X ′,d)
is initial in X .
(D) K (P) is initially dense in X , i.e. any object of X is initial in X for some source having codomains in K (P).
We will then also say that X is P-metrically generated by K . Most often we will refrain from explicitly referring to P ,
e.g. from now on metrically generated construct will always mean P-metrically generated construct.
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nary concepts and results.
A P-downset on X is a downset S ⊂ [0,∞[X×X such that for any e ∈ S there exists d ∈ P(X) ∩ S with e  d. For any
Q⊂ [0,∞[X×X , we write Q↓ := {e ∈ [0,∞[X×X | ∃d ∈Q: e  d}. If Q⊂P(X) and Q↓ = S we say that Q is a basis for S .
MP stands for the construct with objects, pairs (X,D) where X is a set and D is a P-downset. D is called a P-meter
(on X ) and (X,D) a P-metered space. If (X,D) and (X ′,D′) are P-metered spaces then a function f : X → X ′ is called a
contraction if
∀d′ ∈D′: d′ ◦ f × f ∈D.
The fact that the objects are expressed in terms of meters rather than with collections consisting only of P-metrics has
the advantage that the results obtained in this paper also ﬁt in the more general setting of [4], which makes transition to
other theories possible.
It is easily veriﬁed that MP is a topological construct. Given a structured source ( f j : X → (X j,D j)) j∈ J , the initial
structure on X is the meter
{d ◦ f j × f j | j ∈ J , d ∈D j}↓.
Analogously, given a structured sink ( f j : (X j,D j) → X) j∈ J , the ﬁnal structure on X is the meter{
d ∈P(X) ∣∣ ∀ j ∈ J : d ◦ f j × f j ∈D j}↓.
In order to easily deal with concretely coreﬂective subconstructs of MP we require the following concept.
We call ξ an expander on MP if for any X and any meter D ∈ MP (X), ξ provides us with a meter ξ(D) ∈ MP (X) in such
a way that the following properties are fulﬁlled:
(E1) D ⊂ ξ(D),
(E2) D ⊂N ⇒ ξ(D) ⊂ ξ(N ),
(E3) ξ(ξ(D)) = ξ(D),
(E4) if f : Y → X and D ∈ MP (X) then ξ(D) ◦ f × f ⊂ ξ(D ◦ f × f ↓).
Here, for any meter D, we have put D ◦ f × f := {d ◦ f × f | d ∈D}. Given an expander ξ on MP , we deﬁne MPξ as the
full subconstruct of MP with objects those metered spaces (X,D) for which ξ(D) = D. For the proof of the next result we
refer to [4].
Proposition 2.1. For any expander ξ on MP , MPξ is a concretely coreﬂective subconstruct of MP and conversely any concretely core-
ﬂective subconstruct of MP is so obtained.
Given K :P →X satisfying (I) and (D), we introduce two concrete functors which will play a crucial role in the sequel.
For any object (X,D) in MP , with basis Q for D, we put
FK (X,D) = sup
q∈Q
K (X,q).
Note that this unambiguously deﬁnes FK : MP →X .
For any object X in X we put
GK (X) = (X,Q↓)
where Q = {q ∈ P(X) | K (X,q) X}. Note that Q = ∅. This deﬁnes GK : X → MP . From initiality properties it follows that
FK is a functor and from (I) it follows that GK is a functor. To avoid confusion, suprema in a topological construct X will,
from now on, sometimes be denoted by supX . We now formulate the main theorem and add a sketch of the proof. More
details can be found in [4].
Theorem 2.2. A topological construct is P-metrically generated if and only if it is concretely isomorphic to MPξ for some expander ξ
on MP .
Proof. Let K : P → X be a functor satisfying (I) and (D). By deﬁnition we have that FK ◦ GK (X) X for any X -object X .
To prove the other inequality, by (D), let Q be a set of metrics such that X = supq∈Q K (X,q). If GK (X) = (X,D↓) with
D as in the deﬁnition of GK then Q ⊂ D and thus X  supq∈D K (X,q) = FK (GK (X)). This proves that FK ◦ GK = 1. That
GK ◦ FK  1 is proved in the same way.
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MP → MPξ
which can be expressed in terms of the following expander. For any X and any meter D on X let ξ be deﬁned by(
X, ξ(D))= GK (FK (X,D)).
Clearly, the restriction of FK to MPξ and GK are mutually inverse isomorphisms between M
P
ξ and X .
Finally, for any expander ξ on MP , MPξ is metrically generated. Deﬁne
Kξ :P → MPξ : (X,d) →
(
X, ξ(d↓)).
If f : (X,D) → (X ′,D′) is a morphism in MPξ and (X ′, ξ(d↓))  (X ′,D′), then we have that d ◦ f × f ∈ D and ξ((d ◦ f ×
f )↓) ⊂ ξ(D) =D. This proves that (I) is fulﬁlled. If (X,D) is an object in MPξ with basis Q of D then we have that
(X,D) supMPq∈Q
(
X, ξ(q↓)) supMPξq∈Q(X, ξ(q↓)) (X,D),
where the second inequality follows from the fact that MPξ is concretely coreﬂective in MP as stated in 2.1. 
3. Some players
In this section we will describe metrically generated constructs which will play a role in the sequel of the present paper.
The case of bornological spaces is more intricate and is treated in the next section. Let (X,D) be any metered space.
3.1. Uniform spaces
There is a functor
U :P → Unif
which with every pseudometric space (X,d) associates the uniform space (X,Ud) in the usual way. The expander ξU given
by this functor is determined by:
e ∈ ξU (M) if and only if there exists a pseudometric d such that e  d and
∀ε > 0, ∃d1, . . . ,dn ∈M, ∃δ > 0:
{ n
sup
i=1
di < δ
}
⊂ {d < ε}.
The isomorphic copy of the category of uniform spaces in MP is MPξU and the associated functors FU and GU are given
by
FU : MP → Unif : (X,D) → (X,UD)where UD stands for the uniformity generated by the subbase of entourages {{d < } | d ∈D,  > 0} and
GU : Unif → MP : (X,U) → (X,DU )
where DU := {d | d uniformly continuous for U}. Metered spaces (X,D) for which ξU (D) =D represent exactly the uniform
spaces, as they are described in [8].
3.2. Completely regular spaces
There is also a functor
T :P → Creg
which with every pseudometric space (X,d) associates the completely regular space (X,Td) in the usual way. The expander
ξT given by this functor is determined by:
e ∈ ξT (M) if and only if there exists a pseudometric d such that e  d and
∀x ∈ X, ∀ε > 0, ∃d1, . . . ,dn ∈M, ∃δ > 0:
{ n
sup
i=1
di(x, ·) < δ
}
⊂ {d(x, ·) < ε}.
The isomorphic copy of the category of completely regular spaces in MP is MPξT and the associated functors FT and GT
are given by
FT : MP → Creg : (X,D) → (X,TD)
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GT : Creg → MP : (X,T ) → (X,DT )
where DT := {d | ∀x ∈ X, d(x, ·) continuous for T }.
Metered spaces (X,D) for which ξT (D) =D represent exactly the completely regular topological spaces.
3.3. Lipschitz spaces
The category of Lipschitz spaces was introduced in [7,5]. We recall that a Lipschitz space is a set X together with a
collection L of pseudometrics satisfying the following conditions:
(1) d1,d2 ∈L⇒ d1 + d2 ∈L;
(2) d ∈L and e  d ⇒ e ∈L;
(3) d ∧ 1 ∈L⇒ d ∈L.
Given two Lipschitz spaces (X,L) and (X ′,L′) a function f : X → X ′ is called a Lipschitz function if for each d′ ∈ L′ there
exists d ∈ L, δ > 0 and K > 0 such that d′ ◦ f × f  Kd on {d < δ}. Lipschitz spaces and functions form a topological
category, which, although not in those terms, was actually proved in [7]. There is a functor
L :P → Lip
which with any pseudometric space (X,d) associates the Lipschitz space (X,Ld) where
e ∈Ld ⇔ ∃d ∈D, δ > 0 and K > 0: {d < δ} ⊂ {e  Kd}.
This functor satisﬁes the conditions (I) and (D) required to turn Lip into a metrically generated construct. It is an easy
exercise, which we leave to the reader, to prove that in this setting of metered spaces the conditions (1)–(3) above can be
rephrased in terms of an expander ξL which is determined by:
e ∈ ξL(D) if and only if there exists a pseudometric d such that e  d and
∃d1, . . . ,dn ∈D, δ > 0, K > 0:
{
n∑
i=1
di < δ
}
⊂
{
d K
n∑
i=1
di
}
.
Further, being a Lipschitz function precisely means being a contraction in this setting. The isomorphic copy of the cate-
gory of Lipschitz spaces in MP is MPξL and the associated functors FL and GL are given by
FL : MP → Lip : (X,D) → (X,LD)
where LD := {d ∈ ξL(D) | d pseudometric} and
GT : Lip → MP : (X,L) → (X,DL)
where DL := {e | ∃d ∈L, e  d}.
Metered spaces (X,D) for which ξL(D) =D represent exactly Lipschitz spaces.
Given two expanders ξ and ξ ′ on MP , it is easily seen that ξ  ξ ′ if and only if MP
ξ ′ embeds into M
P
ξ via the identity
functor, in which case the embedding is coreﬂective. We will then refer to this as the natural embedding.
Proposition 3.1. Creg is a coreﬂective subconstruct of Unif and Unif is a coreﬂective subconstruct of Lip by the natural embeddings.
Proof. Let D be a meter. Suppose that e ∈ ξL(D) and  > 0, and take d1, . . . ,dn ∈ D, δ > 0 and K > 0 as assured by the
formula of ξL . Put d := supi di and δ′ :=min{ δn , nK }. Then it follows from d(x, y) < δ′ that
e(x, y) K
n∑
i=1
di(x, y) Knδ′  
and thus e ∈ ξU (D), proving that ξL  ξU .
Now suppose that e ∈ ξU (D), x ∈ X and  > 0 and let d1, . . . ,dn ∈ D, δ > 0 be as assured by the formula for ξU . Then it
follows at once that{ n
sup
i=1
di(x, ·) < δ
}
=
{ n
sup
i=1
di < δ
}
(x) ⊂ {d < ε}(x) = {d(x, ·) < ε}
proving that e ∈ ξT (D) and hence that ξU  ξT . 
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In this section we investigate in greater detail the example of bornological spaces.
Deﬁnition 4.1. A bornological space (X,B) is a set X structured by a collection B of subsets of X satisfying the following
conditions:
(1) if x ∈ X then {x} ∈ B;
(2) if B1 ⊂ B2 and B2 ∈ B then B1 ∈ B;
(3) if B1 ∈ B and B2 ∈ B then B1 ∪ B2 ∈ B.
The elements of B are called bounded sets. A function f : (X,B) → (Y ,B′) is said to be a bornological map if it preserves
bounded sets.
Bor is the construct of bornological spaces and bornological maps. As is well known, it is a topological construct, see for
instance [12], from which we recall the formulation of initial structures.
Let ( f j : X → (X j,B j)) j∈ J be a source with all B′j s being bornologies. Then B ⊂ X is bounded in the initial bornological
structure B on X if and only if for all i ∈ J the set f i(B) is bounded.
Let ( f j : (X j,B j) → X) j∈ J be a sink with all B′j s being bornologies then B ⊂ X is bounded in the ﬁnal bornological
structure B on X if and only if B is a ﬁnite union of sets belonging to { f i(Ai) | i ∈ J , Ai ∈ Bi} ∪ {{x} | x ∈ X}.
In spite of the fact that every metric space (X,d) gives rise to a natural associated bornology Bd , namely the collection
of all d-bounded subsets, the functor
B :P → Bor : (X,d) → (X,Bd)
does not satisfy the condition (D). But also other possible functors cannot generate Bor.
Proposition 4.2. The construct Bor is not metrically generated.
Proof. Suppose that K : P → Bor is a functor satisfying (I) and (D), mapping (X,d) to K (X,d) = (X,Kd). Let X be inﬁnite
and let F be a non-principal ultraﬁlter on X . Then BF := {B ⊂ X | X \ B ∈ F} is a bornology on X . Actually, barring the
indiscrete bornology on X , BF is a minimal element in the lattice of bornologies on X . Indeed, suppose BF ⊂ B such that
there exists A ∈ B \BF . Then, necessarily, X \ A ∈ BF and hence X = A∪ (X \ A) ∈ B, i.e. B is the indiscrete bornology. From
(D) it follows that there exists a collection D of metrics such that (X,BF ) = supBord∈D K (X,d) = (X,
⋂
d∈D Kd). By minimality
of BF there hence exists d such that BF = Kd . The number of bornologies of type BF for F an ultraﬁlter on X is 22|X| ,
however the number of metrics on X is dominated by 2|X | . This is a contradiction. 
In order to develop a differentiation theory for linear spaces, A. Frölicher and A. Kriegl had to restrict to those bornolog-
ical spaces coming from so-called l∞-structures [6]. Bornological spaces coming from an l∞ structure have been character-
ized by the previous authors in various ways. We use the following characterization as deﬁnition and call such bornologies,
l∞-bornologies.
Deﬁnition 4.3. A bornology is an l∞-bornology if every unbounded subset contains a countably inﬁnite subset, the only
bounded subsets of which are the ﬁnite ones.
We denote by Bor∞ the full subconstruct of Bor with objects all l∞-bornological spaces.
Proposition 4.4. Bor∞ is a concretely reﬂective subconstruct of Bor, which moreover is stable under the formation of coproducts
in Bor.
Proof. Let ( f j : (X,B) → (X j,B j)) j∈ J be an initial source in Bor with all B′j s being l∞-bornologies. Let A ⊂ X be un-
bounded, then there exists i ∈ J with f i(A) unbounded. Thus, there exists a countably inﬁnite subset D ⊂ f i(A) the only
bounded subsets of which are ﬁnite. For every d ∈ D choose an element in f −1i (d) ∩ A and let E be the set of those points.
Then E is a countably inﬁnite subset of A, the only bounded subsets of which are ﬁnite. This proves that Bor∞ is a con-
cretely reﬂective subconstruct of Bor. Next let X :=∐ j∈ J (X j,B j) be a coproduct in Bor with all B′j s being l∞-bornologies.
Let A ⊂ X be unbounded. Either K := { j ∈ J | (X j × { j}) ∩ A = ∅} is ﬁnite, and then for some k ∈ K , (Xk × {k}) ∩ A is un-
bounded and contains a countably inﬁnite subset the only bounded subsets of which are ﬁnite, or K is inﬁnite and then in
an inﬁnite countable number of these nonempty intersections we choose a point. The set of these points then again satisﬁes
the required condition. 
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Example 4.5. Consider N and a ﬁxed ultraﬁlter U on N. Then it is easily seen that the ultraﬁlter bornological space (N,BU )
of 4.2 is not an l∞-bornological space.
Now for any U ∈ U let XU := N \ U be equipped with the indiscrete bornology and put
X :=
∐
U∈U
XU .
Again, it is easily seen that this is an l∞-bornological space. Now consider the map
f : X → N
where for each U ∈ U , f |XU is the canonical injection and let Bﬁn stand for the ﬁnal bornology on N.
(1) BU ⊂ Bﬁn: indeed, if B ∈ BU then N \ B ∈ U and hence XU = B is bounded in X . Thus B = f (B) ∈ Bﬁn.
(2) Bﬁn = P(N): we show that N is not bounded for Bﬁn. If N = f (A) then A ∩ XU = ∅ for inﬁnitely many U ∈ U since
A ⊂⋃ni=1 XUi implies f (A) ⊂⋃ni=1 f (XUi ) and hence
f (A) ⊂
n⋃
i=1
N \ Ui = N \
n⋂
i=1
Ui  N.
(3) The maximality of BU gives that BU = Bﬁn.
As a consequence, Bor∞ is not a coreﬂective subconstruct of Bor. Nevertheless, being a concretely reﬂective subconstruct
of Bor, it is a topological construct in its own right.
Proposition 4.6.Metric bornologies are l∞-bornologies.
Proof. Let (X,d) be a metric space and suppose that D is unbounded. Take x0 ∈ D arbitrary. Suppose that points x0, . . . , xn
have been found with the property that for all k < l, d(xl, xk)  l − k. Then take xn+1 ∈ D \⋃nm=0 B(xm,n + 1 − m). Put
C := {xn | n ∈ N}. In this set, for all k < l, d(xl, xk)  l − k. Then C is unbounded, and hence also inﬁnitely countable, by
construction. Moreover it is clear that its only bounded subsets are the ﬁnite ones. Hence the condition to be an l∞-
bornology is fulﬁlled. 
The following result can be deduced indirectly from [6], but below we include a direct proof. We use the notation diamd
to denote the diameter with respect to d.
Theorem 4.7. The construct Bor∞ is metrically generated.
Proof. Consider the following concrete functor:
B :P → Bor∞ : (X,d) → (X,Bd),
where Bd stands for the bornology generated by d.
Clearly, for f : (X,d ◦ f × f ) → (X ′,d) and A ⊂ X , diamd f (A) = diamd◦ f× f A, which implies that B preserves initial
morphisms. Next we prove that B(P) is initially dense in Bor∞ .
Consider, for (X,B) an l∞-bornological space, the full source
f : ((X,B) → (Y ,Bd))(Y ,d)∈P, f bornological.
Suppose B ⊂ X is unbounded, choose an inﬁnite countable subset D ⊂ B the only bounded subsets of which are the ﬁnite
ones. Put D := {bn | n 1} with all bm = bn for m = n. Deﬁne the map
f : (X,B) → (N,BdE )
by
f (x) :=
{
0 if x /∈ D,
n if x= bn.
Clearly f is bornological and f (B) is unbounded. This proves that the source is initial. 
As a corollary of our Theorem 2.2 we can now formulate an isomorphic description of the construct Bor∞ by means of
a suitable expander ξB on MP . The explicit form of the expander is described as follows.
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e ∈ ξB(D) iff ∀B: diame(B) < ∞ whenever ∀d ∈D, diamd(B) < ∞.
Note that the expander ξB which we encounter here is quite different from the expanders ξT , ξU and ξL we used in
order to describe isomorphic copies of the constructs Creg, Unif or Lip. For instance, unlike the expanders ξT , ξU and
ξL the expander ξB does not satisfy the condition that for the zero metric 0 on X , ξ({0}) = {0}. A condition that was
introduced in [3] in order to develop a separation theory for metrically generated theories. Every bounded metric on X
belongs to ξB({0}). In fact, applying to Bor the usual categorical deﬁnition for an object X to be separated, in the sense that
all morphisms from the two point indiscrete space to X are constant implies that the only separated bornological spaces
are the singleton spaces.
5. Functors to the construct of bornological spaces
As before consider the following concrete functor:
B :P → Bor∞ : (X,d) → (X,Bd),
where Bd stands for the bornology generated by d and with the notations of 5.7 consider the functor
FB : MP → Bor∞.
Explicitly, for a metered space (X,D) the associated bornology is deﬁned by F B(X,D) = (X,BD) with
BD =
{
A
∣∣ diamd(A) < ∞, ∀d ∈D}.
Proposition 5.1. With the real line R endowed with the Euclidean metric dE and for any (X,D) in MP we have: A ∈ BD if and only
if f (A) is dE -bounded whenever f : (X,D) → (R, {dE }↓) is a contraction in MP .
Proof. One implication follows immediately from the fact that F B is a functor. For the other implication, let d be any metric
in D. Fix x0 in X then clearly f : (X,D) → (R, {dE }↓) deﬁned by f (x) = d(x0, x) is a contraction. From the dE -boundedness
of f (A) we immediately conclude that diamd(A) is ﬁnite. 
Now let MPξ be an arbitrary coreﬂective subconstruct of MP . For a metered space in M
P
ξ we deﬁne the associated
bornological space by restricting FB to MPξ .
Deﬁnition 5.2. For a construct X , metrically generated by K : P → X we deﬁne the natural bornology associated to any
object by ﬁrst going to its equivalent description in the model category and second applying F B .
MP
F B
X
GK
FB◦GK Bor
∞
From the universality of the coreﬂector described by ξ and from 5.1 we immediately get the following:
Proposition 5.3.With the real line R endowed with the Euclidean metric dE and for any (X,D) in MPξ we have: A ∈ BD if and only
if f (A) is dE -bounded whenever f : (X,D) → (R, ξ({dE }↓)) is a contraction in MPξ .
Corollary 5.4. In the case of Creg, metrically generated as in Section 3.2, the natural bornology associated with a given completely
regular space (X,T ) consists of all subsets of X on which all real-valued continuous functions on (X,T ) are bounded.
This bornology is one of the examples formulated in [10] and plays an important role in study of C(X) as a topological
vector-space. In general this bornology differs from the collection of all relatively compact subsets of (X,T ) as is for instance
the case on the ordinal space W (ω1) [8].
Corollary 5.5. In the case of Unif, metrically generated as in Section 3.1, the natural bornology associated with a given uniform space
(X,U) consists of all subsets of X on which all real-valued uniformly continuous functions on (X,U) are bounded.
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condition expressed in terms of entourages (see also Bourbaki [2]).
(B) for every U ∈ U there exist a ﬁnite set F ⊂ X and some natural number n such that A ⊂ Un(F ).
Remark that given an arbitrary metered space (X,D) the natural bornology associated with it does not necessarily
coincide with the bornology of the associated uniformity UD . For instance the set R is bounded for the metered space
(R, {dE ∧ 1}↓) but it is not bounded for the associated uniformity which is the usual one.
It means that the fact that diamd(A) < ∞ for every d ∈D is generally not strong enough to imply that A fulﬁlls condition
(B) for UD .
However, we will now prove that as in the case of Unif also for the larger construct Lip the entourages of the associated
uniformity determine the natural bornology.
Theorem 5.6. Given an arbitrary metered space (X,D) and A a subset of X the following are equivalent:
(1) diamd(A) < ∞ for every d ∈ ξL(D);
(2) for every U ∈ UD there exist a ﬁnite set F ⊂ X and some natural number n such that A ⊂ Un(F ).
Proof. The only nontrivial implication is that (1) implies (2). The proof of this implication relies heavily on the construction
made in the proof of Theorem 1.12 in [9]. Let U ∈ UD be a symmetric entourage. Consider an equivalence relation on X by
putting x ∼ y if there exists a natural number n such that x ∈ Un(y), and let (Pα)α∈M be the associated partition of X . By
deﬁnition of UD there exist pseudometrics d1, . . . ,dn in D and  > 0 such that {d1 ∨ · · · ∨ dn < } ⊂ U . It is easily seen that
ξL(D) is saturated for taking ﬁnite sups a multiples of pseudometrics. Hence the pseudometric ψ := 1 d1 ∨ · · · ∨ dn belongs
to ξL(D). Moreover it fulﬁlls {ψ < 1} ⊂ U .
By means of ψ another function ϕ is now deﬁned on
⋃
α∈M(Pα × Pα). For x and y in Pα all possible U -chains are
considered connecting x with y, i.e. ﬁnite sequences x = x1, x2, . . . , xn, xn+1 = y such that (xi, xi+1) ∈ U for i = 1, . . . ,n. Put
ϕ(x, y) = infΣni=1ψ(xi, xi+1) where the inﬁmum is taken over all possible U -chains connecting x and y. Clearly this new
function ϕ coincides with ψ on U .
Let A ⊂ X and put MA = {α ∈ M | Pα ∩ A = ∅}. If MA is ﬁnite put μ(α) = 1 for each α ∈ MA . If MA is inﬁnite choose
an injective sequence (αn)n in MA and put μ(αn) = n, μ(α) = 1 for α ∈ MA and different from all αn . Choose vα ∈ Pα for
each α ∈ M .
The function ϕ is now extended to ρ on the whole space X . For x ∈ Pα and y ∈ Pβ
ρ(x, y) = ϕ(x, y) if α = β,
ρ(x, y) = ϕ(x, vα) + ϕ(y, vβ) + μ(α) + μ(β) if α = β.
In [9] it is shown that this function is a pseudometric on X .
Next we prove that ρ belongs to ξL(D). In the formula in 3.3 deﬁning ξL(D) take e = d = ρ and d1 = ψ , δ = 1 and
K = 1. Then, for x and y in X , we have
ψ(x, y) < 1 ⇒ (x, y) ∈ U
⇒ x and y are in the same Pα, ψ(x, y) = ϕ(x, y)
⇒ ρ(x, y) = ψ(x, y).
Since ρ belongs to ξL(D) the assumption in (1) implies that diamρ(A) < ∞. The rest of the proof now follows exactly as
in [9]. 
Corollary 5.7. In any metrically generated constructX ≈ MPξ which is a subconstruct of Lip the natural bornology of an object (X,D)
of X is determined by the associated uniformity UD .
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